The lattice vibrations of a periodic silicon crystal are simulated by a molecular dynamics simulation. The history of atomic displacements and velocities obtained is used to compute the amplitudes of all phonon modes supported by the lattice. The phonon amplitude autocorrelation coefficients are found to decay exponentially in time, in agreement with single-mode relaxation time models for phonon scattering. However, the relaxation times extracted from the correlation curves are found to differ significantly from the empirical formulas currently used in models for microscale thermal transport, suggesting that improved relaxation time models are needed for accurate predictions in complex small-scale heat transfer systems.
I. INTRODUCTION
The phonon Boltzmann transport equation 1 ͑BTE͒ is a semiclassical model for studying and modeling thermal transport in materials in which phonons are the dominant thermal energy carriers. It is particularly useful at length scales comparable to the phonon mean free path, where ballistic transport causes the Fourier diffusion law to fail. In essence, the BTE constitutes a balance between phonon scattering and net phonon fluxes caused by a temperature gradient. A phonon mode, designated by its wave number q and polarization index s, satisfies the transport equation where n s ͑q ; x , t͒ is the local phonon number density, c s ͑q͒ is the phonon group velocity, T is the local temperature, and the right-hand side is the phonon scattering rate due to multiphonon processes, defects, and impurities. For numerical solution, the phonon frequency and group velocity in Eq. ͑1͒ can be easily computed from the harmonic phonon dispersion relation, but the scattering is more difficult to represent, especially the anharmonic scattering term due to multiphonon processes. In principle, anharmonic scattering can be expressed as the sum of convolutions representing three-and four-phonon interactions, and the discrete BTE resulted can be solved either approximately by a variational principle 2 or numerically exactly through iteration. 3 For example, the lattice thermal conductivity of a cubic silicon carbide crystal computed by this approach is in excellent agreement with experiments at all temperatures measured. 3 However, because of the cost of computing the convolutions, this direct approach seems limited to small effectively onedimensional systems with uniform temperature gradients. For larger or complex systems, the phonon relaxation time model is widely used to simplify the computation of the phonon scattering term. In the single-mode relaxation time model, the scattering term has the simple form
where n eq is the phonon density at thermal equilibrium and is the phonon relaxation time. The overall phonon scattering rate is proportional to −1 , which can be viewed as the sum of contributions from anharmonicity, boundary scattering, and impurities, −1 = anharm
The mechanism of the boundary and impurity scatterings is well understood, and their scattering rates, b −1 and imp −1 , can be computed rigorously. [5] [6] [7] The anharmonic scattering rate, anharm −1 , is more difficult to determine and is the subject of our investigation. In the simplest "gray" BTE model, 8, 9 all phonon modes share the same anharm ͑or more simply the same ͒, which is chosen such that the overall lattice thermal conductivity matches that by experiments. Improved models have anharm as a function of the temperature, phonon frequency, and polarizations. 10, 11 These have assumed ͑often ad hoc͒ functional forms whose coefficients are selected to fit experimental thermal conductivities. 5, 6, 12 The isotropic ϰ ʈqʈ Debye model 13 is typically used in both the data fitting for and the subsequent solution of the BTE model using the fitted . This isotropy assumption, however, weakens at high temperatures where the contribution to thermal conductivity from high-frequency phonons is significant. Relaxation time models can be extremely sensitive to the assumed functional forms for : different forms can lead to the fitted scattering rates of longitudinal phonon modes that differ by a factor 10. 6, 14 Thus, even though these relaxation time models can reproduce the overall thermal conductivity, it remains uncertain whether the predicted phonon distributions are reliable. In this work, we focus on a direct computation of anharm for crystalline silicon. We compute the phonon amplitudes from the atomic displacements and velocities obtained from a molecular dynamics simulation. The structural coherence of a phonon is lost in time because of scattering, which manifests itself as a decay of the autocorrelation coefficients for the phonon amplitude. This decay is seen to be exponential, so mode dependent relaxation times are extracted from the decaying rates by linear regressions. Similar approaches were used by McGaughey and Kaviany 15 to compute the phonon relaxation times in fcc lattices and by Henry and Chen 27 for Si crystal. An important improvement made in this study is that the complex phonon amplitude instead of the normal mode energy as defined in those previous studies is used for computing the autocorrelations, where the phonon amplitude is roughly proportional to the square root of the normal mode energy. In the context of the classical molecular dynamics simulations, the anharmonic phonon-phonon interactions cause not only time variation in the amplitudes of normal modes but also the drift of their phase angles; both factors are captured here by the usage of the complex phonon amplitude. The method is detailed in Sec. II, and the numerical results are compared directly with existing empirical models in Sec. III.
II. METHODS

A. Molecular dynamics simulations
A silicon crystal has a composite face-centered-cubic ͑fcc͒ lattice structure, with each fcc site associated with two atoms equilibrated at R = ͑l / 2,m / 2,n / 2͒a and R + ͑ 
where a is the cubic unit cell width and ͑l , m , n͒ is an integer triplet with l + m + n being even. The simulated periodic lattice has 8 ϫ 8 ϫ 8 conventional cubic cells, each of which consists of four fcc sites, and so there are 4096 atoms in the lattice. The overall thermal conductivity computed via a Green-Kubo formulation for this system size has been shown to be within 5% of the limiting value for large systems. 16 The target temperature of the simulation is 800 K, and the lattice constant a is set to be 5.442 Å to account for thermal expansion. 17, 18 Interatomic forces are computed using the Stillinger-Weber potential, 19 which has been shown to yield accurate thermal conductivities in the past. 16, 20 The numerical time step is ⌬t = 0.5 fs, which is about onehundredth of the shortest phonon period ͑about 50 fs͒. 21 In the first 10 4 time steps, a Berendson thermostat 22 is applied to bring the temperature to 800 K. The system then evolves as a microcanonical system for another 0.5 ns, which is more than five times the longest relaxation times we report. Thereafter, the system is considered to be in thermal equilibrium, and the atomic displacements and velocities are stored every five time steps for the next 14ϫ 10 6 steps needed for our analysis.
B. Phonon dispersion
The same approach as in our phonon interface reflection study 21 is used here to compute phonon dispersion. The Stillinger-Weber potential has a small displacement expansion,
where R and RЈ are the positions of the fcc lattice sites at equilibrium, u͑R͒ is the atomic displacement at R, and D͑RЈ − R͒ is the interaction matrix between atoms at R and RЈ. Because of the composite fcc lattice structure, each vector u has six elements and D is a 6ϫ 6 matrix. The elements of D, which are the second-order derivatives of U with respect to atomic displacements about the equilibrium, are computed by adaptive numerical differentiation, 23 with the error in each matrix element being less than 10 −8 ʈDʈ ϱ . For a phonon mode of wave number q, its frequency and polarization vector are determined from the eigenvalue problem
where M is the atomic mass and D is a dynamical matrix,
Since D is Hermitian, Eq. ͑5͒ has six non-negative eigenvalue solutions s 2 ͑s =1,2, ... ,6͒ with orthonormal polarization vectors,
͑7͒
where the superscript H denotes a conjugate transpose. It can be easily shown that two corresponding phonon modes with opposite wave numbers satisfy symmetry conditions s ͑− q͒ = s ͑q͒ and s ͑− q͒ = s * ͑q͒. ͑8͒
To determine the phonon group velocity, which is needed for computing the contribution to thermal conductivity from each phonon mode, we decompose D as
where D L , D C , and D R represent a fcc lattice site's interactions with the atoms to its left, in the same y-z plane, and to its right, respectively. The x-component of the group velocity can then be computed as
C. Phonon mode decomposition
Any periodic vector function defined on the lattice, which we denote by f, has Fourier decomposition,
where R is any fcc lattice site, q denotes a phonon wave number consistent with the periodic boundary condition, s is the phonon branch, and N is the number of fcc lattice sites. The Fourier component f s in Eq. ͑11͒ is determined by an inverse transform,
Conventionally, the phonon wave numbers are defined within the first Brillouin zone of the reciprocal lattice,
͑13͒
To use a fast Fourier transform algorithm to compute f, we equivalently define q in a rectangular unit cell so that
͑14͒
and so the wave numbers supported are
q y = 2 a n y N y , n y = − N y ,− N y + 1, ... ,N y − 1, ͑15b͒
Applying this to the lattice vibration, the atomic displacement u and velocity v have Fourier decompositions The compatibility between the two formulations in Eqs. ͑25a͒ and ͑25b͒ above can be easily shown by using symmetries ͑8͒ and ͑17͒. While the derivation for is from a perspective of classical mechanics, it can be easily verified that the correspondence to the quantum formulation is
where a † is the phonon creation operator. 4, 7 For the weak anharmonicity of any realistic lattice potential energy model, every s ͑q , t͒ evolves approximately as Eq. ͑19͒, only with a phase s ͑q , t͒exp͓i s ͑q͒t͔ that varies with time. Under the assumption that the time scale of this phase drift is large compared to the phonon vibration time period 2 / , Eqs. ͑25a͒ and ͑25b͒ still holds approximately. Using Eqs. ͑25a͒ and ͑25b͒, we compute the phonon amplitudes from the atomic displacements and velocities obtained by the molecular dynamics simulation. Figure 1 shows the real parts of the amplitudes of two phonon modes. Both modes have ͑n x , n y , n z ͒ = ͑2,3,4͒, so that For every supported phonon mode, we define its anharmonic frequency, anharm , as the frequency of the most significant Fourier mode of the amplitude curve. The ratio between this anharm and the harmonic frequency is plotted in Fig. 2 . All anharmonic frequencies are lower than their harmonic counterparts, but within 6% for all phonon modes. The difference between and anharm is the biggest for phonons with Ͻ 50 ps −1 . This agrees well with the experimental results, 24 which show that all silicon phonon frequencies reduce as the temperature and, thus, anharmonic effects increase. In these experiments, the most reduction is observed for transverse acoustic phonons near the boundary point q = ͑2 / a ,0,0͒ of the Brillouin zone, as we too observe.
Since molecular dynamics simulations of this sort obey Boltzmann statistics, the principle of energy equipartition requires that energy carried by each phonon mode be approximately k B T. A perfect agreement is only possible in the harmonic limit. The mean energy of a phonon mode can be computed approximately as
where ͉͗ s ͑q , t͉͒ 2 ͘ t denotes the time average of ͉ s ͑q , t͉͒ 2 . Plotting e s ͑q͒ / k B T for all phonon modes in Fig. 3 shows that this ratio is between 0.9 and 1.2 for 99% of the modes. Thus, it is in reasonable agreement with the Boltzmann distribution, which supports the use of to represent phonon amplitudes.
D. Extraction of phonon relaxation times
As traveling waves, phonons in a crystal continually lose their coherence. This can be quantified by the decay of the autocorrelation coefficient of the phonon amplitude, 
Under the single-mode relaxation time assumptions, C s ͑q , ⌬t͒ decays exponentially with ⌬t for each phonon mode. Figure 4 shows the plots of the autocorrelation curves of the six-phonon modes with q = ͑1 / 2,3/ 4,1͒ / a, and they all do indeed decay exponentially. By Eq. ͑2͒, the possibility for a phonon to retain its original coherent structure after a time length ⌬t is exp͑−⌬t / ͒. Hence the self-correlation in phonon numbers ͗n͑t͒n͑t + ⌬t͒͘ t also decays as exp͑−⌬t / ͒. However, the phonon number, as the measure of modal lattice vibration energy ͓Eq. ͑27͔͒, is proportional to ͉͉ 2 in a classical mechanical system, so
We thus compute each time constant s ͑q͒ via
where the right-hand side is by the linear regression of the linear decaying part of the ln C s ͑q , ⌬t͒ curve, as seen in Fig.  4 .
III. RESULTS
The computed phonon relaxation times are plotted in Fig. 5 . The relaxation times range from ϳ10 2 to ϳ 1 ns, and generally decrease with increasing phonon frequencies. Of all phonon modes ͑including the optical phonons͒, the shortest relaxation times occur near =70 ns −1 at the boundary between acoustic and optical modes.
Also plotted in Fig. 5 are the relaxation times of acoustic phonons predicted by Holland 6 and Joshi and Verma, 14 which are typical examples of empirical relaxation time models that are used in current BTE models. 10, 11 These models have analytical functional forms for the multiphonon scattering rates, with coefficients obtained by fitting the overall thermal conductivity with experiments. A Debye approximation is used for the phonon dispersion relation, and the longitudinal ͑LA͒ and transverse ͑TA͒ phonon branches are treated separately in these models. Both these models have TA Ͼ 10 LA in their overlapping frequency ranges. In actual crystalline silicon, the polarization vectors computed by solving Eq. ͑5͒ are generally neither parallel or perpendicular to the wave vector q, so few phonon modes are distinctively longitudinal or transverse. It is clear, however, that the range of computed relaxation times is much less than that in these models, with the maximum being at most five times the minimum at any frequency. The computed relaxation times are all bounded by the TA and LA of Holland. 6 Joshi and Verma's model 14 is reported to give a better fit of thermal conductivity at high temperatures; their TA curve is closer to our values. However, the LA curves of both models are below our minimum relaxation times by almost one order of magnitude. The wide separation between TA and LA in the empirical models might be, in part, an artifact of the Debye model used in crafting them.
The overall lattice thermal conductivity as the sum of contributions from all phonon modes can be computed as conductivity can also be computed by the Green-Kubo formula
where J͑t͒ is the instantaneous energy flux at time t. During the molecular dynamics simulation, the energy fluxes are also computed, and the thermal conductivity by Eq. ͑32͒ is =76 W K −1 m −1 , which is in good agreement with the experimental value of 78 W K −1 m −1 . 26 The fact that the value predicted by Eq. ͑31͒ is 15% smaller than by ͑32͒ is not unexpected given that not all phonon scattering causes thermal resistance. Anharmonic scattering due to N-processes and U-processes are both included in −1 , while only the latter causes thermal resistance. Therefore, when using instead of U in Eq. ͑31͒, the phonon scattering rate is overestimated, leading to a lower predicted thermal conductivity. Without explicit accounting for the N-type scattering, similar errors are expected when solving BTE even with exact relaxation times.
IV. CONCLUSIONS
We calculate the amplitudes of all phonon modes supported by a periodic silicon lattice from the atomic displacements and velocities obtained by a molecular dynamics simulation. The anharmonic phonon frequencies agree well with the harmonic frequencies; the phonon energy is found to satisfy the principle of energy equipartition. The autocorrelation coefficients of phonon amplitudes are shown to decay exponentially with time, which is consistent with the single-mode relaxation time assumption. The relaxation times are deduced from the decay rate of the correlation coefficients. The lattice thermal conductivity based on the relaxation times is 15% below those by the Green-Kubo formula and by experiments, which is believed to be due to the inclusion of N-processes in the scattering rate.
The relaxation time models by Holland 6 and by Joshi and Verma 14 predict that the relaxation times of transverse acoustic modes, TA , is more than a factor of 10 times greater than LA of the longitudinal modes. Much less variation is present in our computed relaxation times, which are bounded by these empirical models. Our results suggest that when the realistic anisotropic phonon dispersion models are used, improved relaxation models are also needed. While a good analytical formula over the whole phonon wave number space seems unlikely, the relaxation times can be computed on a discrete phonon wave number space at different temperatures by methods such as the one presented in this paper.
